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Abstract 



< 

Iii this paper, we study the Cauchy problem for a generalized integrable Camassa-Holm 
equation with both quadratic and cubic nonlinearity, which has significant differences from 
the standard Camassa-Holm equation about the dynamics of the two-peakon and peakon- 
kink solutions (see [53] for details). We firstly establish the local well-posedness result in 
Besov spaces, and then present a precise blow-up scenario for strong solutions. Furthermore, 
^ • we discuss weak kink solutions and their interactions with peakons. 
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1 Introduction 



X. 

Recently, the following modified Camassa-Holm equation with cubic nonlinearity 



m t + [(u 2 - ul)m] x = 0, m = u-u xx , (1.1) 

has attracted attention in the literature [21 [13]. Eq. (1.1) was derived independently by Fokas 
(1995) [TO], by Fuchssteiner (1996) 02], by Olver and Rosenau (1996) [22], and by Qiao (2006) 
[24] . Thanks to the work done in [24J about its generation from the two-dimensional Euler equa- 
tion, Lax pair, M/W-shaped soliton, and peaked/cusped solitons, Eq. (1.1) regains remarkable 
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attention in the study of peakon and integrable cubic nonlinear system ten years after they 
|1L)[ [T2"l 122] presented it as a generalization of integrable system by applying the general method 
of tri-Hamiltonian duality to the bi-Hamiltonian representation of the classically integrable sys- 
tem. In fact, the basic method "Hamiltonian duality" used in [10|. 1111 - fT2l I22j has already given 
rise to some new bi-Hamiltonian equations. For example, the classical Camassa-Holm (CH) 
equation [3 H] 

rrit + um x + 2mu x = 0, m = u — u xx , 

can be derived from the Korteweg-de Vries (KdV) equation by tri-Hamiltonian duality, which 
describes the unidirectional propagation of waves at the free surface of shallow water under the 
influence of gravity. The variables u(t, x) and m(t, x) represent the velocity and its potential 
density of the fluid, respectively. In the past few years, a lot of literature has devoted to 
the investigation of the CH equation, because it has both peaked soliton (peakon) solutions 
and wave breaking phenomena, i.e., the solution remains bounded while the slope of u(t,x) 
becomes unbounded in finite time El El [T71 [19]. However, by applying the "Hamiltonian 
duality" method to the modified Korteweg-de Vries (mKdV) equation, it is exactly Eq. (1.1). In 
contrast to the CH equation, Eq. (1.1) has nonlinear terms that are cubic, rather than quadratic. 
Another integrable CH type equation with cubic nonlinearity is the so-called Novikov equation 
|21j . The bi-Hamiltonian structure, complete integrability, the existence of peakon solutions, 
local well-posedness, the existence of low regularity solutions to the Novikov equation have been 
investigated extensively in [T^] fT5] fTH] [20| [271 [28l [29] . 

Eq. (1.1) was recognized as an integrable nonlinear water wave model since it can be derived 
from the two-dimensional Euler equation and has Lax pair [23], which may allow it to be solved 
by the inverse scattering transform (1ST) method |24[ 125], Moreover, Eq. (1.1) was found to 
admit the M/W-shaped soliton solutions [13 [23], which were not presented in the related study 
of CH equation |17j . In |13j . Gui et al. considered the formation of singularities to Eq. (1.1), 
and singularities of the solutions could occur only in the form of wave-breaking. Then they 
discussed the existence of single and multi-peakon solutions for Eq. (1.1). In [2], Bies et al. 
called Eq. (1.1) the modified Korteweg-de Vries-Fokas-Qiao equation and used the geometric 
and analytic approaches to study it, and gave a geometric interpretation to the variable m(t,x) 
and the Lie- algebraic structure of symmetries of Eq. (1.1). Then they applied the method in 
[19] to show the existence and uniqueness of weak solutions in the Sobolev space H S (M.), s > |. 

In the present paper, we consider the Cauchy problem of partial differential equation with 
both quadratic and cubic nonlinearity, which was recently proposed by Qiao, Xia and Li [26J 

J m t = |fci [(u 2 -ul)m] x + \k 2 {um x + 2mu x ), i>0,i£l, 
I u(0, x) = uo{x), m = u — u xx , i£l, 

where we usually take k\, k 2 as non-positive constants. Indeed, Eq. (1.2) is a linear combination 



of CH equation and Eq. (1.1). Obviously, Eq. (1.2) is exactly the CH equation for k\ = 0, ki = 

—2. When k\ = —2,k2 = 0, Eq. (1.2) reduces to the cubic nonlinear Eq. (1.1). Inspired by 

Gardner equation (known as a linear combination of KdV equation and niKdV equation [9} 123]). 

and derivation of the CH equation and Eq. (1.1) from the KdV equation and the mKdV equation 

by the "Hamiltonian duality" method, Qiao, Xia, and Li [26J study Eq. (1.2) and present the 

Lax pair and bi-Hamiltonian structure to Eq. (1.2), i.e, 

T SH! ^5H 2 
mt = J-, — = K- — , 

dm dm 

where 

J = k\dmd md -\ — k2(dm + md), K = d — d, 



and two Hamiltonians are 



Hl = o / (^ + u l)dx, 

z Jr 



and 



If 1 

H.2 = — I (k\u + 2k\u u x — -k\u x + 2k2U + 2k2uu x )dx. 
8 Jr 3 



Thus, Eq. (1.2) is completely integrable. 

Motivated by the study of the CH equation [8j, our main work is to prove the local well- 
posedness to the Cauchy problem (1.2) in the nonhomogeneous Besov spaces. However, one of 
the differences is that we should deal with cubic nonlinearity in Besov spaces. Moreover, the 
nonlinear term "m x u x " makes us have to solve a transport equation satisfied by m, rather than u. 
In contrast to the case of the CH equation with initial data uq in the Sobolev space H S (M), s > |, 
we can only prove the well-posedness result with the initial profile uq in H s (R) , s > | . In our 
procedure, we have overcome the critical index case by the interpolation method when we apply 
the transport theory to Eq. (1.2). Another one of the differences is that Eq. (1.2) possesses both 
quadratic and cubic nonlinearity. To get the uniform boundedness of the approximate solutions 
{«( n )}„ e N! w e have to handle the quadratic and cubic nonlinear terms together in Eq. (1.2). To 
overcome these difficulties, we consider two cases: the small initial data and the large one. With 
the local well-posedness result, we may naturally present a precise blow-up scenario to Eq. (1.2) 
by combining the blow-up criterion of the CH equation and the one of Eq. (1.1). 

The entire paper is organized as follows. In Section 2, we present some facts on Besov spaces, 
some preliminary properties and the transport equation theory. In Section 3, we establish the 
local well-posedness result of Eq. (1.2) in Besov spaces. In Section 4, we derive a blow-up 
scenario for strong solutions to Eq. (1.2). In Section 5, we provide peakon and weak kink 
solutions and their interactions in an explicit form. 

Notation. In the following, we denote C > a generic constant only depending on p,r,s. 
Since our discussion about Eq. (1.2) is mainly on the line R, for simplicity, we omit R in our 
notations of function spaces. And we denote the Fourier transform of a function u as J-u. 



2 Preliminaries 

In this section, we will recall some basic theory of the Littlewood-Paley decomposition and the 
transport equation theory on Besov spaces, which will play an important role in the sequel. One 
may get more details from [TJ, [5] . 

Proposition 2.1. JI]/ (Littlewood-Paley decomposition) Let B := {^ G R, |£| < |} andC := {^ G 
R, | < |£| < f }• Then there exist ^>(f) G C c °°(£) and y>(f) G C C °°(C) suc/i tfeat 

geN 

and 

Suppy{2~ q -) n Supp(p(2~ q ' ■) = 0, if \q - g'| > 2, 

Suppip(-) n Suppip{2- q -) = 0, ifq>l. 

Then for all u G 5' (e>' denotes the tempered distribution spaces), we can define the nonhomoge- 
neous Littlewood-Paley decomposition of a distribution u. 



q&Z 

where the localization operators are defined as follows: 



u = 

q& 



A q u:=0, forq<-2, A_i« := ip(D)u = F^^Fu), 

and 

A q u := <p(2- q D)u = F- 1 {ip{2- q C)Fu), for q > 0. 

Furthermore, we can define the low frequency cut-off operator S q as follows: 

9-1 
S qU := Y^ A i u = ^~ q D)u = F^i^-v^Fu). 

Definition 2.1. 'TJ (Besov spaces) Let s G R, 1 < p, r < oo. The nonhomogeneous Besov space 
Bp r (M) (Bp r for short) is defined by 

B s p>r := {u G cS'(R); \\u\\ B s pr < oo}, 

where 



\u\\b» 



(£2^||A g u||£ P )-, r<007 

ggZ 

sup2 9S ||A (? ii||iP, r = oo. 



Ifs = oo,B™:= fl B£ r - 

seR 



In order to state the local well-posedness result, we need to define the following spaces. 
Definition 2.2. Let T > 0, s G R and 1 < p < oo. We define 

E 8 {T) --CdO^B^nC 1 ^];!};- 1 ), for r < oo, 



,S-1\ 



E s p>00 (T) := L°°([0,T];B; tOO ) n Lip([0,T]; S' )0C ,. 
and 

^p,r := || E p,r( T )- 
T>0 

Next, we list the following useful properties for Besov spaces. 

Proposition 2.2. JT\ \$j Let s G R, 1 < p,r,Pi,ri < oo,i = 1,2. TTien 
fij Density: ifl<p,r< oo, £/ien C£° is dense in B^ r . 

-Bpjv 2 ^-> -B^Vi locally compact, for s\ < S2- 



s-(— -— ) 
(iiy Embedding: B pin e -> B P2 ^ Pl P2 , for pi < |?2 a^d n < ^2, 



(mj Algebraic properties: if s > 0, Si* r n L°° is an algebra. Furthermore, B p r is an algebra, 

provided that s > - or s > - and r = 1. 

(wj Fatou lemma: if {u^ n '} n ^ is bounded in B* r and tends to u inS' , then u G -Bp r . Moreover, 

\W\\B a < h m inf ||ir ra '||_Bs . 

fuj Complex interpolation: if u G i?* 1 ,. n -Bp 2 r , i/ten /or a// € [0, 1], we /iaue u G .Bp^ 1 ■ 

Moreover, 

n n ^ n lie n nC 1 -") 

I \u\ \ r,es 1 +(i-e)3 2 S IPHrsi ll u ll R «2 • 

D p,r t-tpjT *3p,r 

(vi) One- dimensional Morse-type estimate: 
l)lfs>0, 

\\uv\\b* >t < C(\\u\\B» >r \\v\\L°° + NU«'|M|.B« ir ). 

2) If 8\ < I , s 2 > l(s 2 > I if r = 1) and Sl + s 2 > 0, 

||nu|| R «i < CIImIIr"! |M|r s 2 , 

where C is a constant independent of u and v. 

(vii) Action of Fourier multipliers on Besov spaces: let m G R and f be a S m -multiplier (i.e., 
f : R — > R is a smooth function and satisfies that for each multi-index a, there exists a constant 
C a such that \d a f(£)\ < C a (l + |£|) m ~ H , for\/£ G R.J Then the operator f(D) is continuous 
from B s pr to B s p ~ m . 



Now we state the following transport equation theory that is crucial to prove local well- 
posedness for Eq. (1.2). 

Lemma 2.1. UHE/ (A priori estimate) Let 1 < p, r < +oo and s > — min{-, 1 — }. Assume that 

i 
v be a function such that d x v belongs to V-^T^B*- 1 ) ifs>l + j or to L 1 ^,!]-, B& r n L°°) 

otherwise. Suppose also that f G B s pr , F G L 1 ([0,T]; B^ r ), and that f G L°°([0,T];B^ r ) n 

C([0, T];S') be the solution of the one- dimensional transport equation 

(d tf + v.d x f = F, (2i) 

[ f \t=o= /o- 

Then there exists a constant C depending only on s,p,r such that the following statements hold 

fort£[0,T] 

(i)Ifr = l ors^l + l, 



11/(011 



3. iP < \\MB^ r + j\\F(T)\\ Bii dT + C j\'{r)\\f{r)\\ B s pr dr, 



or 



\\f{t)\\ B s<e cv ^{\\f Q \\ B s+ / e- cv ^\\F{r)\\ B sdr) 



where 

[ Jol|^(r,-)|| i dr, s<l + i 

( /ol|5x«(r,-)|lB'-idr, s>l + i. 

(mJ //* < 1 + J, and d x f ,d x f G L°°([0,T] x R) and d^F G L^fO, T]; L°°), tfien 



|B*, r +||9 a! /(t)IU'» 
< e cv ^(\\f \\ B ^ + H^/oll^ + /V cv »(||F(T)||^ r + \\d x F(r)\\ L oo)dr), 

where V(t) = L \\d x v(T,-)\\ i dr. 

(B p p r nL°°) 

I'm) If f = v, then for all s > 0, i/ie estimate in (i) holds with V(t) = L \\d x v(r, -)||.L°°dT. 
(iv) Ifr<oo, then f G C([0,T];B^ r ). Ifr = oo, then f G C^T^B^) for all s' < s. 

Lemma 2.2. /#/ (Existence and uniqueness) Letp, r,s,fo and F be as in the statement of Lemma 

i 

2.1. Suppose that v G L p ([0,T]; B' 1 ^) for some p > 1,M > and d x v G L 1 ([Q,T]]B^ 00 n L°°) 
if s < 1 + ^ and 9 z v G L l ([Q,T];B s p - 1 ) if s > 1 + J or s = 1 + J and r = 1. Then the 
transport equation (2.1) has a unique solution f G L°°([0, T]; -BiJ r ) P|( |") C([0, T]; S* 1 )) and i/ie 

s'<s 

corresponding inequalities in Lemma 2.1 hold true. Moreover, if r < oo, then f G C([0,T];Bp ir ). 



3 Local well-posedness 

In this section, we shall study the local well-posedness of Eq.(1.2) in the nonhomogeneous Besov 
spaces. At first, we present a priori estimates about the solutions of Eq.(1.2), which can be 
applied to prove the uniqueness and continuity with the initial data in some sense. 

Lemma 3.1. Suppose that 1 < p, r < oo and s > max{2 -\ — , |,3 }. Let vS 1 ' ,vP> G 

L°°([0,T]; Bp /r )nC([0, T];S') be two given solutions to Eq.( 1.2) with initial data u Q ,u G Bp r , 
and let u" l2 > := u" 2 > — u" l > and mS 12 ' := nS 2 ' — mS 1 '. Then for all t G [0, T], we have 
(1) Ifs> max{2 + 1,5,3-1} and s ^ 4 + 1 ; then 

ll« (12) lln.-i < Ht^ 12) lln.-iexp{c/"(||uW(r)|| 2 B . +||«W(rMI 2 - 



, s -i expjC / (llu 
p ' r Jo 

+ \\u {1) (r)\\B^ + \\u^(r)\\Bs)dr}- 



B*- lcA Pl^ / VII" \i )\\B°. r -r \\ u WIlBg, 



(2) If 8 = 4+±, then 



\iM 2 h\ i 

14 nS-1 



P- r 



2 



< C||uS 12) ||^ 1 (||uW||B. ir + ||«®||B., r ) 1 - fl exp{6IC7 / (|| U W(t) 
+ ll^ (2) (r)|||^ + ||uW(t)||b. p + ||^ 2 )(r)|| B ^)dr}, 

wrtfc0 = i(l-i)€(O,l). 

Proof. It is obvious that u( 12 ) G L°°([0, T]; B^ r ) D C([0, T]; 5') and u( 12 ), m( 12 ) solves the follow- 



ing transport equation 



"4 12) - if t(^ (1) ) 2 - ( n ^) 2 ] + ¥ u^}mi 12) = F(t,x), t>0,xe 

(121 I (12) (2) (1) _ m 

mA ; |i=o= Too := m o ~ m o i m = u — u xx , x G R, 



(3.1) 



where F(t,x) := ^[u^(u^ + u^) - u x 12 \u x 1] + u x 2) )]d x m^ + k^u^' '(m (2) ) 2 
+ u x l) m( 12 \mW + m( 2 ))] + f u^m {2) + k 2 u x l2) m^ + k 2 u x l) m( 12 \ 
Applying Lemma 2.1 to the transport equation (3.1), we have 



\m {l2) \\ n s- 3 < ||mi 12) || R3 -3 + / ||F(r)||„.-3dT 

I 1 1 B p ^ r — II U II B Pjr J II V / 1 1 Bp^r 



+C f ||(««) 2 - (u^) 2 + uW\\ B s-4mW\\ B; - 3 dT. (3.2) 



Indeed, if max{2 + ^ |} < s < 3 + ^ by Proposition 2.2 (vi), we get 



1^)11^-3 



< C{\\[u^\uW + U W) -„(12)( U (D + «(?))]a,m( 2 )||^-s 

+ ||4 12 )(m( 2 )) 2 || Brr a + HuWm^V 1 ) +m( 2 ))|| Brr 3 



+ ||n( 12 )mi 2 ) + 4 12 W 2 > + n™ m™ \\ &-*} 



< C{||mW|| B .-3||[«( 12 )(uW +u^)-u^(u^ +uW)]\\ K -, 

+ ll-£ 12) H^-3|l(- (2) ) 2 ||^- 2 + Wm^W^MKm^ +m^)\\ B ^ 

, 11,^(2)11 ,||„(12)|| , . ||„(12)|| ,|| TO (2)|| , 



i ii™ ^ II ,n,, i || ,\ 

ii "-Dp,r " ^ "%r J 

Since s > max{2 -\ — , |}, we know that i?^~ 2 is an algebra. Thus, we deduce 

11^(^)11^-3 

< C[||«C")|| ( || U (D||2 + || U (2)||2 + || M (1)|| + || U (2)|| ). (3.3) 



For s > 3 + ^ the inequality (3.3) also holds true in view of the fact that Bp r 3 is an algebra. 



v 
Note that 



< C[\\u^% s - A \\uWf B , r + H^H 2 ^ + ||n«b, r + \\u^\\ B ,J. 



P- r 



Therefore, inserting the above inequality and (3.3) into (3.2), we obtain 

II- (12) IIb- < h { o 2) \\B^+cj\\\n^Hr)\\ B , 7rl 

x(||« (1) |||., r + \\u^\\% r + ||«W|| fl . ir + ||u( 2 )||B. p )]dr. 

Then, by Gronwall's inequality, we prove (1). 

Since we can not apply Lemma 2.1 to (3.1) for the critical case s = 4 -\ — , we here use the 
interpolation method to deal with it. 

In fact, we can choose 9 = ^(1-^) G (0, 1), such that s-1 = 3+| = (l-6>)(4+^)+0(2+^). 
Then, by Proposition 2.2 (v), we have 

||„(12)|| 1 _|| 7; (12)|| < ||„(12)||fl || (12) ill— 

\\Ll \\ r>s — l — \\U q_i_.l ■■ K* oil"' a, 1 ■ 

II IIB p , r H II 3+ p - II II 2+^11 II 4+^ 



Then, from the obtained result of (1) in this lemma, we get 

,(12) | 

I R s — A 

ft 



\ U R 3 - 1 



< [Il4 12) ll 2+ ^exp(C (||uW|| 2 3+ , +||u( 2 )f 3+ . 



+ ||« II 3+£+ll« ll B S+^;O^J MF || 4+£+ll« II 4+^J 

< ^Il4 12) ll^(l^ (1) ll^ + II^IIb.,) 1 " 9 exp{0C l\\\u^(T)\\l Spr 

J u 



t (2) (r)||^ + ||^)(r)||^ r + ||^ 2 )( 
This completes the proof of Lemma 3.1. □ 



+ lk 2) (T)||^ r + \W l Kr)\\ B s r + \\u^{T)\\ B s r )dr}. 



Next, we use the classical Friedrichs regularization method to construct the approximation 
solutions to Eq. (1.2). 

Lemma 3.2. Suppose that p,r and s be as in the statement of Lemma 3.1, uq G B!L r and 
vS°> := 0. Then there exists a sequence of smooth functions {vS n '} n <^ G C(M> + ;B™ r .) solving the 
following transport equation by induction 

fcmi n) (m( n )) 2 + k 2 u^ ) m^ n \ t > 0,x G R, (3.4) 

, u(" +1 ) \ t =o= 4" +1) (^) = Sn+iuo, XGR. 

Moreover, there exists a T > such that the solutions satisfying the following properties. 

(1) {v> n '}n&$ is uniformly bounded in Ep r (T). 

(2) {vS n '} n ^ is a Cauchy sequence in C([0,T];Bp~ 1 ). 

Proof. By the definition of S q , we know that all the data S n +iUo G B^ r . Thus, from Lemma 2.2, 
we deduce by induction that for all n G N, Eq. (3.4) has a global solution belonging C(M + ; BS^ r ). 
For s > max{2 -\ — , |, 3 } and s 7^ 4 -\ — , by Lemma 2.1, we obtain 

|| m (n+l)|| , < C/.JllKuW^-^^+uWlWH^adr 

II "-Dp,r — v " "&p,r 

„ /"* -C/;||[(«(")) 2 -(«( n) ) 2 W™)](r')|| BS - 2 dr' 
JO 

x||uW(m (n) ) 2 + i4 n W n) || B .-2dr). (3.5) 

Since s > 2 -\ — , we know that B^~ 2 is an algebra. Thus, we have 



p' 

< CH^II^dKmW) 2 !!^ + ||(mW)||^- pa ; 



|«W( m W)2 + u W m W|l D , , 



S <^{\\u || B « + ||w lis* Jj 



p,r ' 



and 

||( tt (»))2 _ {u (n)f + U ^\\ B s- 2 < C(\\u^\\ 2 Bkr + ||«W| 

Inserting the above inequalities into (3.5), we obtain 

|| 7/ (n+l)|| < p C fo(^ in) Wls r + \\u^\\B lr )(r)dr 

\\U y \\B S ^ e p ' r y ' \\Uf) \\B S 

M ii J - J p^r — ii "ii P)T 

[* C/ T *(||«W|||. +||u(»)|| B|p )(T')dT' 

Jo 
M\\%. +\\u^\\l 

p.r Vi r ' 



x(ll« (B) llL +II« (B) ||L Jdr. (3.6) 



In order to prove the uniform boundedness of {ti' n ^} ng ^, we shall divide our discussion into 
two parts. When 2||uo||b s < 1, we choose a T\ > such that 

1 - 2||u ||_bs i 
and suppose by induction that for all t £ [0, Ti] 

c i 2||uo||_B s 
ll?A n )|| DS < " U "- P P-'- (o 7 \ 

l|u l|B --i-8C|Klk r f 

1— 2||no||_gs 2||ito||_B s 

Noting that t < T\ < -^rw\ — n — — 5 we have 1 Q ^ M — P 1 — 7 < 1. By (3.7), we obtain 

— oO po r« ' 1— oO \\uo rs r j \ / •> 

II " II J=>p r II ll-Dp >r 

|. (n)ii < 2 INbg,,. 

' '■■" - 1-8C||«o||b. « 



p.r 



2 rUn R» 2 2 kin rs 1 

- { l-8C\\u \\ Bir t } -4-8C||«o|| B5r r l j 



Prom (3.8), we can deduce that 



C/ (||« (B) ||L +||« (n) ||B. r )(r')dr 



/•* 2||«o||b s 1 o 2||no||B s 

_1 /* -8C7||uo|| B ;, r 
" 2 7 T l-8C||n ||B|, r r' T 



In J\ - 8C||<z ||b* r - In Jl - 8C||u ||b« *• 



10 



Inserting the above inequality and (3.8) into (3.6) yields 

h {n+1) \\B° (3.9) 



p,r 

I«o||b* C 



\\ U 0\\B S U I 

< l " r : + l ={ Jl-8C\\u \\ B s r 

^l-8C\\u \\B kr t ^l-8C||«o|| B | if .t J ° V 

2 ||i*o II B s 2 q 2||uo||b s i 

x l«T^S^ )5)+(( T^M^ )5)1}dT 

II u o||b s II^o||b s /"* 4C||uo||bs 



^l-SC^oll^i ^1-8C|KHb* i? V° (l-8C||«o||B. ir r)2 

/' 2C|| "°"^ ,-.- 

yjl - 8C||«o||B| >P t ^ (1 " 8C||«o||b. iP t)3 

II^oIIb s II^oIIb s i t 

< »- :+ gg =[( 1_ 8C I M r) -2l* 0] 

'1-8C||«o||b« * J1-8C||«o||b« * 



p . ? ■ 

1, „,. „ 



+ i =[-»(! " 8C||«o||b. p t)3|S] 

^l-8C||«o||B., P t 2 

II^oIIb s i 



l-8C||u ||B| iP i ^l-8C||«o|| B . iP t x /l-8C||«o||B«, r < 

\(l-yJl-8C\\uo\\ B s r t) 



< 



2 

2||«o||b, 



p,r 



l-8C||«o||B. ir «' 
where we used the following fact that 



i l,. /: — ttt; — h : IN II b| iP 



Tl <: 4C ^ 2 (1 " \/ 1 - sc W u ^ B ? ' » : 



y/i-8C||« ||B| ir * : 



in the last inequality. Thus, we prove (3.7) for the case 2||-uo||b s < 1- 



...-i 



On the other hand, when 2|NII/? s > 1, we choose a To > such that To < ,_„.. e ,, a — < 

' " u||JJ P,r — ' ^ — 16C||uo[|„s 



1 



16C||uo|| 



and suppose by induction that for all t G [0, T2] 



P-i" 



|uW||b |p < "■'• =■ (3.10) 

^ - 16C n | s t 
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2||uo||b s 

Noting that 2 tin rs > 1, we get — r > 1- From (3.10), we obtain 

(l-16C||n ||| a t)\ ~ 



( \ 2||i/o||b s 

■i^\\ B s < - " P ' r 

/l-16C||« |||. r t 



2 Wn r« 3 2 kin Irs „ 

< ^ II u "^. i )f < ( " U "^ l )2 (3.n) 

/l-16C||«o|||- * A /l-16C||«o|||. * 

p,r y V-, T 



By (3.11), we find that 

/"* 2||«o||b- o 4 INII| s 

- i.yi-i6C|KIIV i-ieciKIII^ 1 
_i /« -i6CNII|. tr 

- 2j T l-16C||u ||| s t> T 

= ln A /l-16C||n ||L r-ln A /l-16C||uo|| 2 Bs t. 

y p,r V P, r 

Inserting the above inequality and (3.11) into (3.6), we obtain 

\\u in+1) \\ B s (3.12) 



< H"°lkr _ + C if /1-16C\\U \\ 2 BS 

./l-16C||n ||| s t A /l-16C||uo||| s t Jo V 

\f ±J p,r \J P,t 

x[( p ' r ) 3 + (( " p ' r )^) 2 ]}rfr 



< 



< 



< 



1 - 16C||«o|||. ir r ^l-ieCKHl^r' 

ImoIIb 8 |koll.B s /"* 16C7||uo|| BS 

I %J " J -*p,r | " "ll^p/ / ±J p,r j 

l-16C||u ||L i A /l-16C||no||L * -A) (1 - 16C||«o|||. r) 

, ^° llB " r = [l-ln(l-16C|K|||. r)|* ] 
l-16C||«o|| B s t 

p,r 

2\Wo\\b s 

ii w ii p,r 



/i-iQc\\u \\ 2 B ,y 

where we used the following fact that 

n - - mSkr * ' " ln<1 " 16C| i"°i | ^ 4) s 2 - 

D v,r 
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in the last inequality. Thus, we prove (3.10) for the case 2||uo ||_B s r > 1- 

Therefore, from the above discussion of the two cases, choosing T = min{Ti,T2} > 0, com- 
bining (3.9) and (3.12), we have proved that {it' n * ) }neN is uniformly bounded in C([0, T]; Bp r ). 
Using Proposition 2.2 (vi) and the fact Bp~ 2 is an algebra as s > 2 -\ — , we have 

||[((i/ n )) 2 - (4 n) ) 2 ) + w (n) ]mi n+1) + 4"V (n) ) 2 + 4 n) ^ (n) ll B |- 3 

< cdim^ii^KiKuW) 2 !!^ + ||(4 n) ) 2 ll B -) + h (n) \\ B s p -*} 

+ ll4 B) ll fl --»(ll("» (n) ) 2 || B j- a + ||mW|| fl -- a )} 

< G[IK (n+1) ll^(ll(n (n) )||| |ir + ||uW||bj iP ) + (||«W||^ r + ||uW|||. p )]. 

From Eq. (3.4), we get dM n+l ^ € C G ([0,T];S*- 3 ). Hence, d t u( n+1 ) G C G ([O.T];^" 1 ) is 
uniformly bounded, which yields that the sequence {tr' 1 * > } n6 N is uniformly bounded in ££ (T). 
Now it suffices to prove that 

{w }nsN is a Cauchy sequence in C([0,T];Bp~ ). 
Indeed, from Eq. (3.4), for all n, I € N, we have 

{$ _ [^(( u (n+0)2 _ (4»+0)2) + ^„(«+0]}( m (n+J+l) _ m (n+D) = G(t)X)) 

where G(t,z) := {^[(u^) - u W)( u (»+0 + U W) - (4™ +0 - 4 n) )(4 n+0 + 4 n) )] 

+ f (u( n+/ ) - u^)}dM n+1) + fci4 n+0 (m (n+0 - m (n) )(m (n+/) + m ( n) ) + fc 1 (4 n+0 - 4 n) )M n )) 2 

+ fc 2 4 n+0 (m ( " +0 " ™ (n) ) + fe 2 (4 n+0 - 4 n) )m (n) - 

Applying Lemma 2.1 again, for all t £ [0, T], we have 



| m (n+<+l)_ m (n+l)||^_ 3 (313) 

C7/ ( :i|[(«(^))2-(„("+') )2+M ("+ ; )](r)|| sS _ 2 dr (n+J+1) (n+1) 



< e ' s p- r (||m, 



s-3 



""0 llB p>r 

+C / e 'W x ||G(r)|| BS -3dr). 

Jo p ' r 

Similar to the proof of the estimate of ||.F(t)|| rS -3 in Lemma 3.1, for s > max{2 -\ — , I, 3 } 

and s / 4 + i , we also obtain 

||G(r)|| Brr a < ClluM-uWll^ClluWll^ + llu^ 1 )!!^ 

+ ||«^|||. p + H^ll^ + ll^ +1) ll^ + ||^ Ik J- 
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Inserting the above inequality into (3.13), we have 



I (n+H-l) (n+l)i| 



C/ t ||[(«(»+0)2_( u ( ! »+'))2 +u (™ + ] ( T )|| 2d r (n+I+1) (n+1) 



s-1 
p,r 



J - > p,r 



+C /V^' ll[( " ( " +0)2 - ( ^ +0)2+u( " +0l(T,)ll ^ 2(ir '||n^) -«Wl 

WIU.( n )ll 2 _i_ IU,( n + 1 )ll 2 _i_ IU,(™+0||2 i ||„(n)|| , |U,(n+l)|| 

X F B s + \\ u \\b° + \\ u \\b° + \\ u \\BS, r + \\U '\\BS, 

mi nj.-'p^ ii nj_^p )r ii nj_^p^ r ii ii p^ r n n p 

+ ||« (n+ °||B. )• 



Note that {-u( n '} ng pj is uniformly bounded in Ep r (T) and 



(n+l+l) (n+l) i 



ll n o n o lis*- 1 

= \\S n+ i +1 u - S n+1 u \\ B s-i = || ^ A g uo|| B s-i 

q=n+l 
n+Z n+Z+1 

< (J2 2k(s ~ 1)r W A k( E A,«o)||L-)- <C( E 2- fcr 2 fcr *||A fc « ||£ P )? 

fc>— 1 <j=n+l fc=n 

< C2- n ||w ||.Bs • 

Hence, there exists a constant Ct independent of n, Z such that for all t G [0, T] 



,(n+J+l) _ u (n+l) 



)(t)|| Br/ < C T (2-+ ^ ||(«<»+0 -«W)(r)|| B .-idr). 



Arguing by induction with respect to the index n, we deduce 



lK„(»+'+') - „(»+D)(t)li B .-, 

fc=0 v ; 

which yields the desired result. 

Finally, we can apply the interpolation method, which is similar to the proof in Lemma 3.1, 
to the critical case s = 4 -\ — . We here omit the details. Therefore, we complete the proof of 
Lemma 2.2. □ 

Based on the above preparations, we are in position to state the local existence result of the 
Cauchy problem (1.2). 

14 



Theorem 3.1. Suppose that < p,r < oo, s > max{2 + -, | ,3 — -} and uq G Bp r . Then there 
exists a time T > such that the Cauchy problem (1.2) has a unique solution u G Ep r (T), and 
the mapping uq —> u is continuous from Bp r into 

c^nB^ncHio^B;'- 1 ) 

for all s' < s if r = oo and s' = s otherwise. 

Proof. According to Lemma 3.1, {u^jneN is a Cauchy sequence in C([0, T]; B^ 1 ), so it con- 
verges to some function u G C([0,T]; Bp' 1 ). Thanks to Lemma 3.1 and Proposition 2.2 (iv) 
Fatou lemma, we have that u G L°°([0,T];Bp r ). Thus, by the interpolation method, for all 
s' < s, we find that u G C([0,T];B*' r ). 

Taking limit in Eq. (3.4), we conclude that u solves Eq. (1-2) in the sense of m 6 
C([0,T]; Bp^ 1 ), for all s' < s. Since u G L°°([0,T]; Bp r ) and the fact Bp r is an algebra as 
s > 2 + - , the right-hand side of the following equation 

m t ~ [y ("" 2 ~ u l) + -^ u \ m x = hu x m 2 + k 2 u x m, 

belongs to L°°([0, T]; Bp~ 2 ). In particular, for r < oo, Lemma 2.2 enables us to get that 
u G C([0,T]; B s ) for all s' < s. Finally, taking advantage of Eq. (1.2) again, we obtain that 
d t u G C([0,T];B s p - r l ) if r < oo, and in L°°([0, T\\ B*- 1 ) otherwise. 
Moreover, the continuity with respect to the initial data in 

cao^B^ncWo^BSp'- 1 ) (Vs' < s) 

can be obtained by Lemma 3.1 and a simple interpolation argument. While the case s' = s, 
a standard of use of a sequence of viscosity approximate solutions {u £ } £> o for Eq. (1.2) which 
converges uniformly in C([0,T]; Bp r ) n C 1 ([0, T]; Bp' 1 ) gives the proof of the continuity of 
solutions in Ei r (T). This completes the proof of the theorem. □ 

Remark 3.1. We know that nonhomogeneous Besov spaces contain Sobolev spaces. In fact, 
by Fourier- Plancherel formula, we find that the Besov space -B| 2 (IR) coincides with the Sobolev 
space H S (R). Therefore, Theorem 3.1 implies that under the assumption uq G H s (K),s > |, we 
can obtain the local well-posedness result to Eq. (1.2). 

Remark 3.2. The existence time for Eq. (1.2) can be chosen independently of s in the following 
sense [30]. If 

u G C([0,T]; H s ) n C\[0, T]; iT" 1 ) 

is a solution to Eq. (1.2) with initial data H r ,r > |,r ^ s, then 

nGC([0,T];F r )nC 1 ([0,T];i7 r - 1 ) 
with the same time T > 0. In particular, if uq G H°°, then u G C([0, T]; H°°). 
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4 Blow-up scenario 

In this section, by using the local well-posedness result of Theorem 3.1 and energy estimates, 
we present a precise blow-up scenario for strong solutions to the Cauchy problem (1.2). 

Theorem 4.1. Let uq £ H s (M),s > | be given and assume that T is the maximal existence 
time of the solution u(t,x) to Eq. (1.2) with the initial data uq guaranteed by Remark 3.1. Then 
the corresponding solution u(t, x) blows up in finite time if and only if 

lim inf inf {mu r (t,x)\ = — oo or lim inf inf{u r (t,x)} = — oo. 

Proof. From Remark 3.1-3.2 and a simple density argument, we only need to prove that Theorem 
4.1 holds true for s = 4. Multiplying Eq. (1.2) by m, integrating over R and integration by 
parts, we get 

1 d f 9 , , 

2dti mdx (41) 

= — / (u 2 — u 2 )mm x dx + k± u x rr?dx + k 2 I u x m 2 dx -\ umm x dx 

2 Jm. Jr Jr 4 y R 

ki f o 3k 2 f o , 

= — / u x m ax H — — / Ujra ax. 

Differentiating Eq. (1.2) with respect to x, we deduce 

m tx = 3kiu x mm x — k\m + k\um -\ (u — u x )m xx 

+—m x u x + k 2 um - k 2 m + -urn... 

Multiplying the above equation by m^, and integrating with respect x over R, we have 
1 d 



m\dx (4.2) 

jm Jr jr 

+— / (u 2 - u 2 x )m x m xx dx + — / m 2 x u x dx 

Jr Jr 2 y K 

3fci / u x mm x dx — — / n^m dx — — / m x (« — u x ) x dx 

Jr " ^ Jr 4 7r ' ' 

3fc 2 /" 2 . fc 2 /" 2 . *2 /" 2 . 

H — — / m x u x ax — — / n x m ax — — / u — xm x dx 

2 Jr * Jr 4 Jm 
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5&i f 2 fel /" 3 5fc 2 /" 2 j fc 2 /" 2 j 

= -— / u x mm x dx / u x m dx H — — / m x u x dx / M^m ax. 

2 it 3 7 K 4 ,/ R 2 jjj 

From (4.1)-(4.2), we get 

— (m + m~)dx 

dt V 

/" 2 kl f ■> 5k 2 /" 2 &2 /" 2 t 

= 5fci / u x mm x dx + — / u x m ax H — — / m x u x dx + — u x m dx. 

Jr ^ Jr 2 J| 2 Jjj 

Assume that T < oo and there exists N\,N 2 > such that miij > —Ni,u x > — -/V2 for all 
(£,x) G [0,T)xR. Let us choose N, k > such that iV := max{7Vi, N 2 } and k := max{— ki, — k 2 }. 
It then follows that 

— / (m 2 + ml)dx < WkN / (m 2 + m 2 x )dx. 

dt Jk Jr 

Applying Gronwall's lemma to the above inequality implies for t £ [0,T), 

||m||^<e loiVfcT ||mo||^. (4.3) 

Differentiating Eq. (1.2) with respect to x twice, we deduce 

tntxx = —Qk\m m x + 5kiumm x + Akiu x mm xx + ?>k\u x m 



X 



2 1 "<1 / 2 2 \ 1 o I ' 2 

y(u - u x )m xxx + 2k 2 u x m xx — - 



+kiu x m + —(u - u x )m xxx + 2k 2 u x m xx —mm x 



5k 2 , k 2 

H — —um x + ^M^m + —um xxx . 

Multiplying the above equation by m n , integrating with respect to x over R, we have 

-— I m TT dx (4.4) 

2dty R xx 

= — Qki / m m x m xx dx + 5k\ / umm x m xx dx + 4&i / u x mm xx dx 



\ u x r 

JR 



+3fa J u x m 2 x m xx dx + k\ / u x m 2 m xx dx + — / (u 2 - u 2 x )m xx m xxx dx 



7k 2 f 5k 2 

— / mm x m xx dx -\ 

2 ./„ 2 



+2k 2 / u x m xx dx — / mm x m xx dx -\ — — / um x m xx dx 



+k 2 / u x mm xx dx + I / um^nwfc 
-6fci / m m x m xx dx + 5fci / umm x m xx dx + 4k± / u x mm xx dx 



+k\ I u x mm x dx + 2k\ I umm x m xx dx — k\ I m m x m xx dx 

Jr ' Jr Jr 

f 2 fcl /" Si kl f 2 7 

— 2ki / u x mm x dx -\ / u x m dx / u x mm xx dx 



2 a 7k2 f a 5fc2 / 2 
' - — / mm x m xx dx — 

2 L 4 



+2k 2 / u x m xx dx — / mm x m xx dx — / u x m x dx 
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— A?2 / u x m 2 x dx H / u x m 2 dx / u x m xx dx 

Jr Jr 2 J K 

— fci / u x mm x dx + — I u x m ax -\ — — / u x m xx dx 
Jr 3 J ffi 4 jjj 

7fc 2 /■ 9fc 2 /■ 2. , *2 /■ 2. 

/ mm x m xx dx — / u x m ax H / u^m ax. 

2 it 4 Jm 2 j| 

Combining (4.1)-(4.2) and (4.4), we obtain 

/ / 2 2 2 \ 7 

— / (m + m^ + mj.j.Jda; 



i 2 3/^2 /" 2 

mm x m xx dx — 2 / it^m ax H — — / u x m dx. 

2 ./id 



— 7/c2 / mm x m xx dx — 2 / 



< — fcA 



If mtij and u^ are bounded from below on [0, T) x R, i.e., there exists iVi,AT 2 > such that 
muj > —N\,u x > — A^2 for all (t,x) £ [0,T) x R. Similarly, we can choose N, k > such that 
iV := maxjiVi, AT 2 } and k := max{— fci, — A^}- Then, by (4.3) and the above equality, we get 

/ / 2 2 2 \ t 

— / (m + m^ + m x:r )dx 
«£ JR 

21 /" 

< —kN / (m +m x + m xa .)rfar + 14A;(||m||x,oo + ||um||x,oo 

2 jr 

JR JR 

< 7 fcff + 2e 5Arfer ||mo|| ff i(e 5JVfcT ||mo|| ff i + l)] / \m 2 + m 2 x + m 2 xx )dx. 

2 Jr 

Hence, applying Gronwall's inequality implies that for all t £ [0, T) 

IMIh4 — ll m ll/p = / ( m2 + m x + m L;)^ x 

" Jr 

< exp{7M^ + 2e 5JVfcT ||mok 1 (e 5ArfcT ||m ||H 1 + l)]}||mo||^ 

< c.exp{7fc[— +2e 5iVfeT ||mo|Ui(e 5JVfeT ||mo|Ui + l)]}||uo|||4. 

The above inequality and Sobolev's embedding theorem ensure that u(t,x) does not blow up in 
finite time. 
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On the other hand, by Sobolev's imbedding theorem, we find that if lim inf inf {mu T (t, x)} = 
— oo or lim inf inf {u x (t, x)} = — oo, then the solution will blow up in finite time. This completes 
the proof of the theorem. □ 

5 Peakons and weak kinks and their interactions 

Let us consider the following equation |26] 

m t = bu x + -ki [m(u 2 - u 2 x )] x + -k 2 (2mu x + m x u), m = u-u xx , (5.1) 

where 6, k\ and k 2 are three arbitrary constants. Apparently, when 6 = 0, equation (|5.ip recovers 
Eq. (1.2). 

To analyze peakons for the nonlinear cubic equation (|5.ip . let us first investigate the weak 
form of the equation. Applying the operator (1 — d x )~ l to equation (|5.ip . we obtain 

ut = -ki(3u 2 u x - u 3 x ) + -k 2 uu x + — fei(l - (%)~ X u\ 
o 2 b 

+\d x (l - dlY 1 (ibu + h(uul + ^n 3 ) + k 2 (u 2 + ±ul)j . (5.2) 

Taking the convolution with the Green's function G(x) = ^ exp(— \x\) for the Helmholtz operator 
(1 — d x ), equation (|5.2p can be rewritten as 

ut = -ki(3u 2 u x - ul) + -k 2 uu x + -kiG(x) * u x 
b lb 

+^d x (g(x) * [2bu + hiuul + ^u 3 ) + k 2 (u 2 + Ki 2 x )\ J . (5.3) 

When 6 = 0, the following function 



-3 (V?>k 2 ± J3k'i - 16Jfeic) 

u = Ce-\ x - ct \ C = ^ = '- (5.4) 

4V3A;i 

satisfies equation (|5.3j) . and therefore this is a single peakon solution of equation (1.2). Appar- 
ently, if 3&2 — \bk\c > 0, then (|5.4p gives a real peakon solution, and if 3k 2 — \bk\c < 0, then 
we obtain a complex peakon. So, here we propose the complex peakon solutions for integrable 
equation (1.2), which is another difference from the CH equation. 

Let us now consider the two-peakon solution to equation (1.2) in the following form 

u = Pl {t)e-\' x - qi{t) \ +j» 2 (t)e~ |a, -« a(t)l . (5.5) 
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Substituting (J5.5P into Eq. (1.2), we may obtain the following peakon dynamical system 



Pi,t 

P2,t 

Ql,t 

Q2,t 



-\k 2 p\p 2 sgn{q\ - q 2 )e~\ qi ~ q ^ , 
-\k 2 p 1 p 2 sgn(q 2 - qi)e~\ q2 ~ qi \ , 
-k lPl p 2 e-\^- q2 \ - \kw\ - \k 2 ( Pl + p 2 e-\ qi -v\) , 
-k lPl p 2 e-\ q ^- q2 \ - \k x p\ - \k 2 (pa + pie-\ qi - q *\) . 



(5.6) 



For k\ = 0, k 2 = —2, (1.2) recovers the CH equation and (|5.6p is reduced to the two-peakon 
dynamics of CH equation, which Camassa and Holm studied in [3]. 

For k 2 = and 6 = 0, (1.2) is exactly the cubic nonlinear equation (1.1) and the peakon 
dynamical system (|5.6p is simplified to 



Pi,t = 0, p 2 ,t = 0, 

qi,t = -kipip 2 e~\ qi ~ q2 \ - |fcipf, 

Q2,t = -k x p\p 2 er\ qi ~ q2 \ - \k\p\. 

For the case of cf = c%, the solutions of qi(t) and q 2 (t) in ()5.7p are given by 

^AnCdcae-l^-^l + ^t + Ai, 
---ki{c 1 c 2 e-\ A ^ A *\ + \(? 1 )t + A 2 , 



(5.7) 




(5.8) 



where Al, A 2 are arbitrary integral constants. If A\ = A 2 , the two-peakon solution is reduced 
to zero (when c 2 = — c\) or a single-peakon (when c 2 = c\). If A\ 7= A 2 , the two-peakon can not 
collide since q\(t) ^ q2(t) for every t £ (— oo,+oo). Especially, in the peakon-antipeakon case 
(ci = —c 2 ), the collision can't occur for A\ 7= A 2 . This is very different from the case of the CH 
equation [3]. For the case of cf 7^ c|, we obtain the following solution: 



pi(t) = a, p 2 (t) 
qi{t) = sgn(t) 
q.2 (t) = sgn(t) 



c 2 , 

3fciCiC2 
fci(cf-c|)| 

3fciciC2 
fei(c|-c|)| 



e -||fel(c?-c|)*| 






(5.9) 



So, our results show that the collision of two-peakon of equation (1.1) is very different from the 
case of CH equation. In the peakon-antipeakon case, the collision can occur for the CH equation, 
but could not happen for equation (1.1). The collision of two-peakon of equation (1.1) occurs 
in the "chase" case as shown above. 

For the case k\ ^ and k 2 7^ 0, let us choose k\ = k 2 = —2. Then after a longer computation 
for Eq. ()5.6p . we arrive at 



pi(t)=COth(t), qi(t) 
p 2 (t) = -coth{t), q 2 {t) 



3(e 
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1) 



+ ln(e 24 + l)--t-ln2 



(5.10) 



3(e 2i - 1) 



ln(e^ + !) + -£ + hi 2, 
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u(x,t) 





Figure 1: The peakon-antipeakon solution ( J5.11I) . Figure 2: The kink-peakon interacted solution. 

Pink: peakon (and antipeakon) with the peak Black line: t — 2; Blue line: t = 1; Green line: 

(and trough) position (72; Green: antipeakon (and t = 0. 
peakon) with the trough (and peak) position q\. 



which leads to the following peakon-antipeakon solution 

u(x,t) = coth(i) (Vl^WI - e-^-^A . 



(5.11) 



See Figure 1 for the profile of the peakon-antipeakon solution. 

We have already shown that equation (|5.ip admits peakon solutions in the case of b = 0. It 
is natural to ask what kind of solution one may obtain for the case of b 7^ 0. Here we will reveal 
that equation (|5.ip with hi = and b ^ possesses the weak kink and kink-peakon interacted 
solutions. Actually, equation (|5.ip has the following weak kink solution 



u = Csgn(x - ct) (Vl^l - l) 



C 




Am 



(5.12) 



where the conditions &2 = 0, k\ 7^ 0,6 7^ 0,c = —^b are required for equation (|5.ip . it is called 
a weak kink solution since u,u x ,ut are continuous and u xx has a jump at the peak point. In 
particular, we take hi = 0, k\ = — b = 2, then equation ()5.ip is cast to 



0, 



m 



U — Urr 



m t + 2u x — [m(u — u x )~j t 
and the corresponding weak kink solution is 

u = sgn(x - t) (e~ lx ~ tl - l\ . 
Let us assume the following ansatz of kink-peakon interacted solutions 
u = Pl (t)sgn(x - qi (t)) (Vl^iMI _ 1) +p 2 (t) e -l a, -®WI, 



(5.13) 



(5.14) 



(5.15) 
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which actually describes a new phenomena of kink-peakon interacted dynamics in soliton 
theory. Substituting (|5,15p into (|5.3p with k 2 = 0, we have 

' Pi = ±7?' 

P2,t = hpjp 2 sgn(q 2 - qi)e-\ qi - q2 \ ^^ 

Qi,t = ~\b - k 1 p 1 p 2 sgn(q 2 - qi)e~\^~^, 
, ?2,t = -\k1P2 ~ \k\p\ + h (pi - pip 2 sgn(q 2 - qi)) e^ qi ~ q2 ^ + kisgn(q 2 - qi)pip 2 - 

Choosing k = —b = 2,pi = 1 and q\ < q 2 , we may obtain the following exact solution: 

<7i =t-p 2 , 

q2 = t -p 2 -ln(lp 2 2 -lp 2 + l + ^), (5.17) 

{P2,t = lp 3 2 -P 2 2 + 2 P2 , 

and p 2 is able to be solved in the following implicit form: 

, . . 1, ,, 9 N 3\/7 Ap 2 -9 N , 

In \p 2 \ - - ln(p2 _ - P2 + 9) + -j- a rctan(-^-^) = 2t. (5.18) 

See Figure 2 for the profile of the kink-peakon interactional solution (|5.15p with k = —b = 
2,Pi = l- 

In general, we may study the iV-peakon system for more detailed investigations, and also we 
may make the following ansatz of the solution for equation (|5.ip with k 2 = and b ^ 0: 

TV 

u = p (t)sgn{x - q {t)) f e -l*-*>(*)l - l) + ^p^e -1 *-^ 1 , (5-19) 

i=l 

which can be viewed as the interaction of single-kink and iV-peakon solution. How we handle 
such interactions will be our future work. 
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